Abstract. We investigate the Hausdorff measure and content on a class of quasi self-similar sets that include, for example, graph-directed and sub self-similar and self-conformal sets. We show that any Hausdorff measurable subset of such sets has comparable Hausdorff measure and Hausdorff content. In particular, this proves that graph-directed and sub self-conformal sets with positive Hausdorff measure are Ahlfors regular, irrespective of separation conditions. When restricting to the real line and self-conformal sets with Hausdorff dimension strictly less than one, we additionally show that Ahlfors regularity is equivalent to the weak separation condition. In fact, we resolve a self-conformal extension of the dimension drop conjecture for self-conformal sets with positive Hausdorff measure by showing that its Hausdorff dimension falls below the expected value if and only if there are exact overlaps.
Introduction
Quasi self-similar sets appear in many branches of dynamical systems and metric geometry. The prime examples are self-conformal sets such as the boundaries of Julia sets of hyperbolic rational functions on C. Notably, the boundary of the Julia set for the mappings z → z 2 + c for certain c ∈ C such as those satisfying |c| < 1/4; see [13, §7] . Apart from self-conformal sets there are related constructions such as graph-directed self-conformal sets and sub self-conformal sets that satisfy the conditions of quasi self-similarity. Motivated by recent results in the self-similar case, our goal is to uncover new properties for the Hausdorff measure on this large class of sets.
While the Hausdorff measure is an important and widely known concept, its value is often difficult to establish. The related notion of the Hausdorff content is easier to compute and it shares the same critical exponent, the Hausdorff dimension. Under a mild assumption, we show that in the quasi self-similar case the Hausdorff measure and Hausdorff content are uniformly comparable for all measurable subsets of the quasi self-similar set. As a consequence, we show that quasi self-similar sets with positive Hausdorff measure are Ahlfors regular. Also, and perhaps more notably, we resolve the self-conformal generalisation of the dimension drop conjecture for self-conformal subsets of the real line with positive Hausdorff measure.
Our research is motivated by recent results of Farkas and Fraser [5] who showed that all Hausdorff measurable subsets of self-similar sets have equal Hausdorff measure and Hausdorff content. Their method relies on two main components. The first is an abstract lemma, see also [4, Lemma 2.2] , that states: If F is a set with equal and finite Hausdorff measure and content, then every measurable subset of F has equal Hausdorff measure and content at the same exponent. The second component is a Vitali-covering argument which guarantees that the Hausdorff measure and content are equal for all self-similar sets. They give an example of a self-conformal set, the semicircle, which breaks the equality of measure and content. While it is straightforward to show via the Vitali-covering argument that self-conformal sets have comparable Hausdorff measure and content, their approach cannot be generalised as the abstract lemma completely fails for sets where one does not have equality.
In Theorem 2.1, we generalise the result of Farkas and Fraser for a large class of quasi self-similar sets, with a new and concise proof that does not rely on either Vitali-coverings nor decomposition into measurable hulls.
Results for quasi self-similar sets
Recall that the s-dimensional Hausdorff measure H s of a set A ⊂ R d is defined by
where
is the s-dimensional Hausdorff δ-content of A. The Hausdorff measure is Borel regular and the Hausdorff content is an outer measure -usually highly non-additive and not a Borel measure. However, the Hausdorff content is slightly easier to compute, and is always finite for bounded sets, irrespective of s. It is straightforward to see that H s (A) = 0 if and only if H s ∞ (A) = 0 and so Hausdorff measure and content share the same critical exponent, the Hausdorff dimension dim H of A which is defined by dim H (A) = inf{s : H s (A) = 0}.
Our main result is the following theorem. We postpone its proof until §4.
Theorem 2.1. Let F ⊂ R d be a non-empty compact set and s = dim H (F ). Suppose that there is a constant D ≥ 1 such that for each x ∈ F and 0 < r ≤ diam(F ) there exists a mapping g : F → F ∩ B(x, r) for which
for all y, z ∈ F . Then there exists a constant C ≥ 1 such that
Observe that the assumptions of Theorem 2.1 are stronger than those that define quasi selfsimilar sets; see [2] and [3, §3.1]. Quasi self-similar sets differ to the sets we consider by only requiring the lower bound in (2.1) to hold. The upper bound is crucial in (4.6) and it seems unlikely that our assumptions are satisfied by quasi self-similarity alone.
The following result is a straightforward corollary of Theorem 2.1. We say that a set A ⊂ R d is Ahlfors s-regular if there exists a non-trivial Radon measure µ supported on A and a constant C ≥ 1 such that
for all x ∈ A and 0 < r < diam(A). Proof. Assuming F to be Ahlfors s-regular, let µ be a measure satisfying (2.2). Since
To show the necessity of the Ahlfors regularity, suppose that H s (F ) > 0. By Theorem 2.1, there is a constant C ≥ 1 such that
for all x ∈ F and r > 0. For each x ∈ F and 0 < r < diam(F ), let g x,r : F → F ∩ B(x, r) be as in (2.1). The existence of such mappings implies
for all x ∈ F and 0 < r < diam(F ). In Lemma 4.1, we shall see that H s (F ) < ∞ and H s | F is therefore a Radon measure. We have thus finished the proof.
Results for self-conformal sets
Let N ≥ 2 and consider the family of N contractions {ϕ 1 , . . . , ϕ N } on R d . We call this family an iterated function system. If all the mappings ϕ i : R d → R d are strict contractions, then there exists a unique non-empty compact set F , called the attractor of the iterated function system, satisfying
When all the mappings ϕ i are similarities the attractor is known as a self-similar set. In this paper, we consider the larger class of iterated function systems where all the mappings are conformal contractions and in this case, we refer to F as a self-conformal set.
Let us next give a precise definition for a conformal iterated function system. Fix an open
We assume that the differentials are Hölder continuous, that is, there exist α, c > 0 such that
for all x, y ∈ V and i ∈ {1, . . . , N }. For d ≥ 2, the Hölder continuity of x → |ϕ ′ i (x)| follows from conformality and injectivity. In fact, conformal mappings in the plane correspond to the holomorphic functions on C with non-zero derivative on their respective domain, and in higher dimensions, by Liouville's theorem, conformal mappings are either homotheties, isometries, or compositions of reflections and inversions of a sphere. In the one dimensional case, conformal mappings are simply the C 1+α -functions with non-vanishing derivative. We say that {ϕ i :
Self-conformal sets are a natural generalisation of self-similar sets.
In §5, we shall verify that self-conformal sets satisfy the assumptions of Theorem 2.1. We thus obtain the following result as an immediate corollary of Theorems 2.1 and 2.2.
The above theorem extends to graph-directed and sub self-conformal sets in a straightforward manner; see Remark 5.2. It is pointed out in [5, §4] that the constant C above cannot be chosen to be 1. We may thus consider that the theorem generalises the results of Farkas and Fraser [5, Theorem 2.1 and Corollary 3.1] for graph-directed self-similar sets.
To exhibit further results, let us introduce more definitions and notation. The Assouad dimension of a set A ⊂ R d , denoted by dim A (A), is the infimum of all s satisfying the following: There exists a constant C ≥ 1 such that each set A ∩ B(x, R) can be covered by at most C(R/r) s balls of radius r centered at A for all 0 < r < R. It is easy to see that dim
be a conformal iterated function system and F be the associated self-conformal set. Let Σ = {1, . . . , N } N be the collection of all infinite words constructed from integers {1, . . . , N }. If i = i 1 i 2 · · · ∈ Σ, then we define i| n = i 1 · · · i n for all n ∈ N. The empty word i| 0 is denoted by ∅. Observe that Σ * = ∞ n=0 Σ n , where Σ n = {i| n : i ∈ Σ} for all n ∈ N, is the free monoid on Σ 1 = {1, . . . , N }. If n ∈ N and i = i 1 · · · i n ∈ Σ n , then we write ϕ i = ϕ i 1 • · · · • ϕ in . For i ∈ Σ * \ {∅} we set i − = i| |i|−1 , where |i| is the length of i.
We say that F satisfies the weak separation condition if sup{#Φ(x, r) : x ∈ F and r > 0} < ∞,
for all x ∈ R d and r > 0. The following theorem generalises the corresponding result of Farkas and Fraser [5, Corollary 3.2] for self-similar sets in the real line.
Theorem 3.2. Let F ⊂ R be a self-conformal set and s = dim H (F ) < 1. Then the following four conditions are equivalent:
(1) F satisfies the weak separation condition,
Proof. The fact that (1) implies (2) 
} not accumulating to the identity. Here we assume that the inverses are extended to the whole real line in a natural way; see [1, §3] . Therefore, by the mean value theorem,
By [11, Lemma 2.2], the Hölder continuity of the differentials implies the existence of a constant
| for all x, y ∈ V and i ∈ Σ * . This implies (ϕ (5) is equivalent to {ϕ We say that a self-conformal set F has an exact overlap if there exist i, j ∈ Σ * such that i = j and ϕ i = ϕ j . Observe that if F satisfies the open set condition, then it cannot have exact overlaps. For a self-similar set F in the real line, according to a folklore conjecture, dim H (F ) = min{1, P −1 (0)} if and only if there are no exact overlaps. Hochman [6, Corollary 1.2] has verified the conjecture under a mild assumption which is satisfied for example when the associated iterated function system is defined by algebraic parameters; see [6, Theorem 1.5] . To generalise Hochman's proof for self-conformal sets in the real line seems difficult since the semigroup generated by C 1+α maps is simply too large: there are no invariant metric and dimension d ∈ N for which there is a smooth injection to R d , which is bi-Lipschitz to its image in any compact neighbourhood of the identity.
However, the following result verifies the conjecture for self-conformal sets in the real line having positive Hausdorff measure. 
Proof of Theorem 2.1
For a bounded set A ⊂ R d we let
be the least number of balls of radius r > 0 needed to cover A.
Lemma 4.1. Let F ⊂ R d be a set satisfying the assumptions of Theorem 2.
for all r > 0 and
for all r > 0.
Proof. The first claim follows from the existence of mappings g : F → F ∩ B(x, r) satisfying (2.1) and [3, Theorem 3.2] . The second claim follows immediately from the first one. To prove the third claim, let µ be a Radon measure supported on F and c > 0 be a constant depending only on d such that
for all x ∈ R d and r > 0; recall [10, Theorem 8.8] . If B is any cover of F consisting of balls of radius r > 0, then (4.2) implies
This gives N r (F ) ≥ µ(F )r −s and the claim follows now from (4.1).
We are now ready to prove the main theorem.
Proof of Theorem 2.1. We may assume that H s (F ) > 0 since otherwise there is nothing to prove. This of course implies that
, where c > 0 is as in Lemma 4.1. Let us contrarily assume that there exists an H s -measurable set A ⊂ R d such that
Again, this implies that H s ∞ (F ∩ A) > 0. Fix n ∈ N and let B be a maximal collection of pairwise disjoint closed balls of radius 2 −n centered in F . Note that, by [10, Equation (5.4)] and Lemma 4.1, we have c2
For each B ∈ B, let g B : F → F ∩ B be as in (2.1). It follows that each ball B in the packing B contains g B (F ∩ A), a scaled copy of F ∩ A. Since the mapping g B is bi-Lipschitz, the set g B (F ∩ A) is H s -measurable and
for all B ∈ B. Now (4.5), (4.4) , and (4.3) imply
and (4.6) and (4.4) give
Since, by the fact that the sets g B (F ∩ A) are H s -measurable and (4.7),
and, by (4.8),
we have, by recalling the definition of C, that
. This is a contradiction since the lower bound is independent of n. 
for all i ∈ Σ * .
Proof. By [11, Lemma 2.2], the Hölder continuity of the differentials implies the existence of a constant K ≥ 1 for which |ϕ
| for all x, y ∈ V and i ∈ Σ * . By the convexity of V and the mean value theorem, we have (ϕ
for all x, y ∈ V and i ∈ Σ * . Noting that (ϕ 
The collection of M -admissible infinite words starting with i ∈ {1, . . . , N } defines a set when projected onto R d by i → lim n→∞ ϕ i|n (0) and the resulting attractor F i is known as the graph-directed self-conformal set of i. It is well-known that if M is irreducible and the iterated function system consists of conformal contractions that the resulting sets F i are also quasi self-similar and satisfy dim H (F i ) = dim H (F j ) for all i, j ∈ {1, . . . , N }. It is also easy to show that there exists C > 0 such that H s (F i ) ≤ CH s (F j ) for all i, j ∈ {1, . . . , N }. If M is irreducible, then it is not too difficult to see that Lemma 5.1, as well as the proof of Theorem 3.1 below, hold for graph-directed self-conformal sets.
A sub self-conformal set is a non-empty compact subset E ⊂ F such that E ⊂ N i=1 ϕ i (E). Note that sub self-conformal sets are closed under ϕ i and it is a straightforward calculation to check that Lemma 5.1 and Theorem 3.1 hold for sub self-similar sets. Generally, graph-directed self-conformal sets are not closed unde ϕ i and it is rather easy to find examples such that the sets F i are not sub self-conformal. However, some authors prefer to define a single graph-directed set using subshifts of finite type. In our notation this amounts to considering F = N i=1 F i . This set is closed under application of contractions and thus is a sub self-conformal set.
For both cases above we have omitted detailed proofs to avoid cumbersome notation of Madmissible words and arbitrary subsets.
Proof of Theorem 3.1. Since we consider a fixed self-conformal set F , we may assume that its defining conformal iterated function system {ϕ i } N i=1 is given. Thus we assume that the constants K ≥ 1 and L i , i ∈ Σ * , are as in Lemma 5.1.
Let x ∈ F and 0 < r < diam(F ). Pick i ∈ Σ such that lim n→∞ ϕ i|n (0) = x and choose n ∈ N for which ϕ i|n (F ) ⊂ B(x, r) but ϕ i| n−1 (F ) \ B(x, r) = ∅. Note that the latter property implies diam(ϕ i| n−1 (F )) ≥ r. By (5.1) and (5.2), we have
r|y − z| for all y, z ∈ F . By setting
we have thus shown that for each x ∈ F and 0 < r < diam(F ) there exist i ∈ Σ and n ∈ N such that ϕ i|n (F ) ⊂ F ∩ B(x, r) and D −1 r|y − z| ≤ |ϕ i|n (y) − ϕ i|n (z)| ≤ Dr|y − z| for all y, z ∈ F . Theorem 3.1 follows now immediately from Theorems 2.1 and 2.2.
